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Abstract. This paper presents a method of mistuning identification of a random mistuned bladed 
parameter, to predict the forced vibration characteristics of random mistuned blade disk of 
aeroengine compressor, based on the prestress mode synthesis method, substructure finite element 
reduction model was adopted, the identification method combines Weibull distribution with 
Monte Carlo simulation to identify the random mistuned blade parameters. The vibration 
characteristics of mistuned bladed disks under different engine orders of excitation were 
calculated, and the vibration characteristics of mistuned bladed disk systems under different 
mistuning standard deviations were discussed. Vibration localization characteristics of mistuned 
bladed disk system were analysed by using localization factor. The correctness of the 
identification method was verified by calculating the vibration amplitude of mistuned bladed disk 
system under different mistuning standard deviations. 
Keywords: mistuned bladed disk, identification method, prestressed mode synthesis method, 
Weibull distribution, Monte Carlo simulation, engine orders of excitation. 
1. Introduction 
In theory, the blade disk system should be a circular symmetrical structure, but due to 
processing, installation, wear and in order to suppress flutter, the mass, stiffness and natural 
frequency of each blade are different, that is, mistuning. Mistuning will cause the vibration energy 
of the blade disk system to concentrate on a few blades, resulting in serious vibration localized, 
leading to fatigue failure, thereby affecting the service life of the compressor blade disk system. 
Therefore, it is very important to study the vibration response of the blade disk system caused by 
blade mistuning. For mistuned blade disk system, the correct identification of mistuned parameters 
is the key to the dynamic analysis of the mistuned blade disk system. The blade mistuning can be 
divided into mass mistuning, damping mistuning and stiffness mistuning according to the 
mistuning parameters, and random mistuning and deterministic mistuning according to the 
mistuning form. Random mistuning is based on a specific distribution function, using different 
mean and standard deviation of mistuning to deal with the mistuning of blade parameters. Correct 
identification of mistuning parameters is the key to the simulation of the blade disk system. Since 
SNM and FMM do not decompose the substructures, the key to the identification of mistuning 
parameters is to select a reasonable modal set. The corresponding identification methods are SNM 
identification method [1] and FMM identification method [2]. 
Mignolet [3] in order to accurately predict the statistical characteristics of the forced response 
of mistuned bladed disks, three different methods are proposed to solve the problem of insufficient 
data, and the three methods are validated on the lumped parameter model. Pichot [4] presented a 
method for identifying the mistuning of blade disk based on the system mode and the measurement 
of natural frequency. This method establishes the finite element model of blade disk, and presents 
FORCED RESPONSE CHARACTERISTICS OF RANDOM MISTUNED BLADE DISK BASED ON WEIBULL DISTRIBUTION AND MONTE CARLO SIMULATION.  
HONGYUAN ZHANG, HUIQUN YUAN, HONGYUN SUN 
 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 1601 
a computational reduced-order modelling technology based on component-mode substitution 
method. Laxalde [5] proposed a model updating method based on the reduced-order model 
established by modal synthesis method. The method takes the measured modal data as input, and 
the modal data are extracted from the forced response measurement of the whole blade disk. In 
the process of mistuning identification, the measured data are regularized to reduce the impact of 
the final measurement error. Madden [6, 7] proposed an inverse reduced-order model suitable for 
solving the inverse problem of mistuning identification and a technique suitable for identifying 
high-order modal families. This improves the overall accuracy and robustness of mistuning 
identification. Wang [8] aiming at the problem of mistuning identification of integral blade disk, 
a method based on the classical modal method was proposed, which combines the analytical modal 
of the tuned blade disk system with the measurement modal of mistuned structure. Judge [9] 
proposed two methods for identifying single blade mistuning by measuring the response of the 
blisks, which is especially suitable for the blisks whose single blade cannot be tested separately. 
Lu [10] analysed the frequency response of a piezoelectric smart beam rotating in a plane by the 
Hamilton's principle.  
Nyssen [11, 12] studied the experimental modal analysis of the theoretical blade disk using 
basic excitation to identify the mistuning of each blade. In this method, the optical measurement 
is used to obtain the precise geometric structure of the structure, and the geometric mistuning can 
be correlated to each blade. Weber [13] proposed a method to determine modal characteristics by 
experiments and optimizes random mistuning pattern to match these characteristics. Jamia [14] 
proposed a blade mistuning index (WEBMI), which was obtained by the wavelet packet transform 
of blade tuning and mistuning response. The proposed mistuning index was proved on the lumped 
parameter model. The experimental results show that the proposed method can identify fine 
mistuning. 
In this paper, a mistuned parameter identification method based on Weibull distribution and 
Monte Carlo simulation is proposed. By calculating the parameters identified by this method, only 
a small number of samples can be used to obtain results consistent with a large number of samples, 
which greatly reduces the calculation time.  
Based on the reduced order model of the Prestressed Component Mode Synthesis Method in 
Ref. [15], this study mainly focuses on forced response characteristics of the random mistuned 
blade which are not involved in Ref. [15]. This paper based on the Prestressed Component Mode 
Synthesis Method， the finite element reduction model of mistuned blade disk system was  
adopted, the mistuning parameters were identified by the combination of Weibull distribution and 
Monte Carlo simulation technology, the vibration response of the mistuned bladed disk system 
were studied. The vibration response of mistuned bladed disk system under different mistuned 
standard deviations was discussed. The localization factor was defined and the vibration 
localization characteristics of mistuned bladed disk system were analysed by the localization 
factor. The identification method was verified by calculating the vibration amplitude under the 
different mistuning standard deviation. 
2. Identification method of random mistuned blade parameters 
For actual engineering blade disk system, mistuning destroys the cyclic symmetry and results 
in different stiffness and frequency of each blade. If the lumped mass model was used to study the 
localization characteristics of random mistuning blade disk vibration, which cannot accurately 
reflect the vibration characteristics of actual engineering blade disk system. 
In order to overcome the problem of a large number of nodes and elements in integral blade 
disk, a finite element reduction model is established by using the prestressing mode synthesis 
method described in reference [15], refer to reference [15] for the prestressing modal synthesis 
method, which is not described in detail here. Fig. 1(a) is a model of integral blade disk after 
cutting a sector to show the cross section of the substructure sector, and Fig. 1(b) is a substructure 
model. The basic sector of the substructure is divided into 52163 elements, and the number of 
FORCED RESPONSE CHARACTERISTICS OF RANDOM MISTUNED BLADE DISK BASED ON WEIBULL DISTRIBUTION AND MONTE CARLO SIMULATION.  
HONGYUAN ZHANG, HUIQUN YUAN, HONGYUN SUN 
1602 JOURNAL OF VIBROENGINEERING. SEPTEMBER 2019, VOLUME 21, ISSUE 6  
nodes is 79174. The material properties of the model are listed in Table 1. 
If the integral blade disk model was used, but because of the large number of elements and 
nodes of the integral blade disk finite element model, it is difficult to calculate. Even if the blade 
disk system substructure finite element reduction model shown in Fig. 1 is used to reduce the 
degree of freedom of the model, the sample size will be too large, which will lead to a long 
calculation time. It is also difficult to obtain the statistical characteristics of the random vibration 
of the mistuned blade disk system. 
 
a) Bladed disk 
 
b) Substructure model 
Fig. 1. Finite element model of bladed disk with one sector cut out 
Table 1. Blisk material properties 
Balde material property Property value Disk material property Property value 
Mass density 4400 kg⋅m−3 Mass density 4700 kg⋅m−3 
Modulus of Elasticity 113 GPa Modulus of Elasticity 150 GPa 
Poisson’s ratio 0.3 Poisson’s ratio 0.3 
Since the maximum value of the structural vibration response of a random mistuned bladed 
disk system is studied, the maximum value of the structural vibration response of the bladed disk 
obeys the Weibull distribution from the theory of extreme value statistics. In the literature [16, 17], 
the Weibull distribution is used to analyze the random vibration characteristics of mistuned bladed 
disk system. The results show that a large number of random mistuned data can be simulated by 
using a small number of random mistuned data satisfying Weibull distribution, and the results are 
consistent with a large number of data. In this paper, the random mistuning problem is studied by 
combining the Weibull distribution with Monte Carlo simulation. 
The distribution function of the three-parameter Weibull distribution is: 
𝐹(𝑥) = 1 − exp ቈ− ൬𝑡 − 𝛾𝜂 ൰
ఉ
቉, (1)
where, 𝛾, 𝜂 and 𝛽 are the position parameter, the scale parameter and the shape parameter are 
respectively, 𝛾 ≥ 0, 𝜂 > 0, 𝛽 > 0, 𝑡 is random variables, and here is the maximum dimensionless 
amplitude of the mistuned blade. 
The probability density function of the Weibull distribution is: 
𝑓(𝑥) = 𝛽𝜂 ൬
𝑡 − 𝛾
𝜂 ൰
ఉିଵ
exp ቈ− ൬𝑥 − 𝛾𝜂 ൰
ఉ
቉. (2)
In order to make the sample obey the Weibull distribution, it is necessary to determine the 
estimated values of three-parameter 𝛾, 𝜂 and 𝛽. Making the three-parameter Weibull distribution 
X
Y
Z
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as close as possible to the distribution determined by sample data. 
The probability density function of Weibull distribution of Eq. (2) is logarithmic on both sides: 
ln[−ln(1 − 𝐹(𝑡)ሿ = 𝛽ln(𝑡 − 𝛾) − 𝛽ln(𝜂). (3)
The 𝑡 value of the formula is obtained from Monte Carlo simulation data, where the 𝑡 value is 
the dimensionless of vibration amplitude, and the position parameter 𝛾 is the maximum value of 
𝑡. As can be seen from the reference [18], the position parameter 𝛾 value can be approximated by 
the following equation for mistuned blade disk vibration: 
𝛾 ≈ (√𝑁 + 1)/2. (4)
For Eq. (3), make Weibull transformation, 𝑥 and 𝑦 are given by: 
൜𝑥 = ln𝑡,𝑦 = ln[−ln(1 − 𝐹(𝑡)ሿ. (5)
When 𝑡 − 𝛾 = 0, 𝑦 → −∞, when 𝑡 → +∞, 𝑦 = 𝛽𝑥 − 𝛽ln𝜂. 
The 𝑡 data obtained by Monte Carlo simulation are arranged from small to large and can be 
obtained by using the median rank formula [19]: 
𝐹(𝑡) = 𝑖 − 0.3𝑛 + 0.4 , (𝑖 = 1,2, ⋯ , 𝑛). (6)
For 𝑡ଵ, 𝑦ଵ; 𝑡ଶ, 𝑦ଶ;…; 𝑡௡, 𝑦௡ calculated 𝑛 times, if there is a linear relationship between 𝑦 and 𝑡, 
the data calculated above satisfies the requirement: 
𝑦௜ = 𝐵଴ + 𝐵ଵ𝑥௜ + 𝜀௜, (𝑖 = 1,2, ⋯ , 𝑛), (7)
where 𝐵଴ and 𝐵ଵ are regression coefficients, 𝜀௜ independent of each other and subject to 𝑁(0, 𝜎ଶ) 
distribution, the expression becomes: 
𝑦 = ൦
𝑦ଵ
𝑦ଶ
⋮
𝑦௡
൪ ,     𝛽 = ൤𝛽ଵ𝛽ଶ൨ ,     𝜀 = ൦
𝜀ଵ
𝜀ଶ
⋮
𝜀௡
൪ ,     𝑍 = ൦
1 𝑥ଵ
1 𝑥ଶ
⋮ ⋮
1 𝑥௡
൪. 
Eq. (7) can be written as: 
𝑦 = 𝑍𝛽 + 𝜀, (8)
i.e. 
𝑦ො = 𝐵଴ + 𝐵ଵ𝑥. (9)
The Eq. (9) is called empirical regression equation. 
In order to obtain estimates 𝐵෠଴ and 𝐵෠ଵ of 𝐵଴ and 𝐵ଵ, 𝑄(𝐵଴, 𝐵ଵ) is given by: 
𝑄(𝐵଴, 𝐵ଵ) = ෍ (
௡
௜ୀଵ
𝑦௜ − 𝐵଴ − 𝐵ଵ𝑥௜)ଶ, 
represents all computed data and: 
𝑦 = 𝐵଴ + 𝐵ଵ𝑥, (10)
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sum of squares of deviations. The least square method is to determine 𝐵෠଴ and 𝐵෠ଵ so that the square 
of the deviation and 𝑄 are minimized, 𝑄(𝐵෠଴, 𝐵෠ଵ) is given by 𝑄(𝐵෠଴, 𝐵෠ଵ) = min𝑄(𝐵଴, 𝐵ଵ). 
According to the extremum principle of multivariate functions, 𝐵଴ and 𝐵ଵ must satisfy the 
equations: 
⎩
⎨
⎧ ∂𝑄∂𝐵଴ = −2 ෍ (
௡
௜ୀଵ
𝑦௜ − 𝐵଴ − 𝐵ଵ𝑥௜) = 0,
∂𝑄
∂𝐵ଵ = −2 ෍ (
௡
௜ୀଵ
𝑦௜ − 𝐵଴ − 𝐵ଵ𝑥௜)𝑥௜ = 0.
 
Upper equation can be rearranged as follows: 
൞
𝑛𝐵଴ + ෍ 𝐵ଵ𝑥௜
௡
௜ୀଵ
= ෍ 𝑦௜
௡
௜ୀଵ
,
෍ 𝐵଴𝑥௜
௡
௜ୀଵ
+ ෍ 𝐵ଵ𝑥௜ଶ
௡
௜ୀଵ
= ෍ 𝑦௜𝑥௜.
௡
௜ୀଵ
 (11)
Divide the two sides of the first equation by 𝑛 and rewrite it as follows: 
𝐵෠଴ = 𝑦ത − 𝐵෠ଵ?̅?, (12)
where: 
𝑦ത = 1𝑛 ෍ 𝑦௜
௡
௜ୀଵ
,     ?̅? = 1𝑛 ෍ 𝑥௜
௡
௜ୀଵ
. 
Substituting Eq. (12) into the Second Equation in Eq. (11), and rewrite it as follows: 
𝐵෠ଵ ෍ (𝑥௜
௡
௜ୀଵ
− ?̅?)𝑥௜ = ෍ (𝑦௜ − 𝑦ത)𝑥௜
௡
௜ୀଵ
, (13)
i.e. 
𝐵෠ଵ =
∑ (𝑦௜ − 𝑦ത)𝑥௜௡௜ୀଵ
∑ (𝑥௜௡௜ୀଵ − ?̅?)𝑥௜. (14)
The data and 𝛾 obtained by Monte Carlo simulation are substituted into Eq. (12) and Eq. (14), 
and the estimates 𝐵෠଴ and 𝐵෠ଵ of 𝐵଴ and 𝐵ଵ are obtained. Finally, the scale parameter 𝜂 and shape 
parameter 𝛽 are obtained by Eq. (3). 
Whether the calculated data have good linearity should be tested, that is, the fitting degree test 
of a regression equation. Generally, the size of the correlation coefficient 𝑅 is used to describe the 
degree of correlation between two variables, and its mathematical expression is as follows: 
𝑅 = ∑ (𝑥௜
௡௜ୀଵ − ?̅?)(𝑦௜ − 𝑦ത)
ඥ∑ (𝑥௜௡௜ୀଵ − ?̅?)ଶ ∑ (𝑦௜ − 𝑦ത)ଶ௡௜ୀଵ
. (15)
The closer the absolute value of 𝑅 is to 1, the better the regression line fits the calculated data 
points. When 𝑅 = 1, the two variables were positively correlated, when 𝑅 = –1, the two variables 
were negatively correlated; when 𝑅 ≈ 0 at that time, it was meaningless to calculate the scattering 
of data points along both sides of the regression line, that is, the regression line. Therefore, after 
finding the linear equation by regression method, the value of correlation coefficient 𝑅 must be 
FORCED RESPONSE CHARACTERISTICS OF RANDOM MISTUNED BLADE DISK BASED ON WEIBULL DISTRIBUTION AND MONTE CARLO SIMULATION.  
HONGYUAN ZHANG, HUIQUN YUAN, HONGYUN SUN 
 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 1605 
calculated, then the significant value of 𝑅 can be found in the test table of correlation coefficient 
𝑅 according to the number of calculation groups, and then the degree of fitting can be judged.  
For the statistical characteristics of vibration response of random mistuned bladed disk system, 
this paper adopts the method of combining Weibull distribution with Monte Carlo simulation. The 
Monte Carlo method is a very important numerical calculation method guided by probability and 
statistics theory. It refers to the use of random numbers to solve many computational problems.  
 
Fig. 2. Identification flow chart of random mistuned blade parameters 
Fig. 2 is an identification flow chart of random mistuned blade parameters, the analysis steps 
of this method are as follows: 
(1) According to Weibull distribution, a group of mistuning values of elastic modulus of blades 
is generated randomly. 
(2) The mistuning of the elastic modulus of the blade is written into the command stream file 
 Generating Random 
Pparameters Obeying Weibull 
Distribution
Start
Input blade 
data
Relevance 
test
Generating Substructure Finite 
Element Reduction Analysis 
Command Stream
Extracting the amplitude of blade 
vibration response
Dimensionalization of Blade Vibration 
Response Amplitude
Three-parameter Estimation of 
Weibull Distribution
YES
NO
Calculating the Mean Value of Blade 
Vibration Response Amplitude
Output 
result
Calculation of Vibration Response 
of Mistuned Blade Disks
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of the finite  
element analysis, and the finite element calculation are carried out. 
(3) The amplitude of blade vibration response is extracted through the analysis results of finite 
element method. 
(4) Dimensionalization of blade vibration response amplitude, and the three-parameter 
estimation and correlation test of Weibull distribution are carried out. 
(5) Repeat steps (1)-(4) to obtain the amplitude of the vibration response of the random 
mistuned bladed disk system. 
(6) Statistical analysis of the obtained amplitude is carried out to obtain the statistical law that 
satisfies the Weibull distribution. 
The mistuning parameters of the blade are analysed by introducing random mistuning of blade 
stiffness when the mistuning standard deviation is 1 %, 3 %, 5 % and 8 %. The maximum 
amplitude of blade vibration under each mistuning standard deviation is calculated by combining 
the Weibull distribution with Monte Carlo simulation technology. 
3. Forced vibration response of mistuned blade disk system 
When the frequency of the excitation force is equal to the dynamic frequency of the compressor 
blade disk system and the order of the excitation force is equal to the nodal diameter, the resonance 
will occur. Because the actual force situation of the blade disk system is more complex, the 
aerodynamic excitation is usually simplified to a single point excitation acting on the blade tip 
node in the dynamic analysis. 
The dynamic equation of blade disk vibration is as follows: 
[𝑀ሿ൛𝑋ሷ ൟ + [𝐶ሿ൛𝑋ሶ ൟ + [𝐾ሿሼ𝑋ሽ = ሼ𝐹ሽ, (16)
where, [𝑀] is the mass matrix, [𝐶] is the damping matrix, [𝐾] is the stiffness matrix, [𝐹] is the 
excitation force vector, and the excitation force component acting on the 𝑖th blade is: 
𝐹௜ = 𝐹௜଴sin(𝜔𝑡 + 𝜙௜), 𝑖 = 1,2, ⋯ , 𝑁, 
𝐹௜ = 𝐹௜଴𝑒௝(ఠ௧ାథ೔)  = ൛𝐹௜଴𝑒௝థ೔ൟ𝑒௝ఠ௧ = ሼ𝐹௜଴cos𝜙௜ + 𝑗𝐹௜଴sin𝜙௜ሽ𝑒௝ఠ௧, (17)
where, 𝐹௜଴ , 𝜔 , 𝑁 , 𝜙௜  are the magnitude, frequency, number of blades and phase angle of the 
excitation force on the 𝑖th blade are respectively, 𝜙௜ is given as: 
𝜙௜ =
2𝜋𝐸(𝑖 − 1)
𝑁 , 𝑖 = 1,2, ⋯ , 𝑁, (18)
where, 𝐸 is engine orders of excitation. 
The real and imaginary values applied in finite element analysis can be obtained by Eq. (19) 
and Eq. (20).  
Real part value: 
𝐹௥ = 𝐹௜଴cos ቈ
2𝜋𝐸(𝑖 − 1)
𝑁 ቉. (19)
Imaginary part value: 
𝐹௜ = 𝐹௜଴sin ቈ
2𝜋𝐸(𝑖 − 1)
𝑁 ቉, (20)
where, 𝐹௜଴ = 8; 𝑖 is the number of blades, 𝑖 = 1, 2, …, 𝑁. In this study, the damping ratio is 
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selected according to the actual working conditions of the blade disk, 𝜀. According to Eq. (18), 
the magnitude of the phase angle between adjacent blades is determined by the order of excitation. 
The Stator blade number and rotor blade number are 𝑁௦  and 𝑁  respectively. Then the 
excitation phase difference 𝜑௘ is: 
𝜑௘ =
2𝜋
𝑁 𝑁௦, (21)
and the mode phase difference 𝜑௩ can be expressed as: 
𝜑௩ =
2𝜋
𝑁 𝐸. (22)
When the order of excitation is equal to the number of nodal diameter, the blade disk system 
resonates, i.e.: 
𝜑௘ = 2𝑘𝜋 ± 𝜑௩, (23)
where, 𝑘 = 0, 1, 2, 3…. 
The above equation can be rewritten as: 
𝜑௘ = 𝜑௩ +
2𝜋
𝑁 (𝑁௦ − 𝐸). (24)
When the number of stator blades is larger than that of rotor blades, the following relationship 
is satisfied for the order of excitation: 
𝐸 = 𝑁௦ − 𝑁, (25)
so: 
𝜑௘ = 𝜑௩ + 2𝜋. (26)
The condition described in Eq. (23) is satisfied and resonance can be induced. When the 
standard deviation of elastic modulus mistuning is 1 %, 3 %, 5 % and 8 %, respectively, the 
random mistuning of the blade is introduced to analyse the influence of integer order excitation 
on the blade disk system. The maximum excitation amplitude of blade mistuning system is 8, and 
the frequency range of excitation frequency tuning system is 0.96-1.16 near the maximum 
dimensionless resonance frequency of 1.062. Table 2 and Fig. 3 are a set of random sampling 
blade mistuning values. The calculation results using the random mistuning values shown in  
Fig. 4. 
From Fig. 4, it can be seen that the frequency response curves of each blade in the blade disk 
system under different excitation orders were obtained when the blade is mistuned. Under the 
condition of blade mistuning, the vibration response of each blade in the blade disk system shows 
great difference. The maximum resonance peak value of mistuning system is much higher than 
the minimum one. All these indicate that the vibration response of each blade is very different in 
mistuned blade disk system, and there is obvious localization of vibration response. 
When the standard deviation of mistuning is 3 %, the frequency response curves of each blade 
in the blade disk system under different excitation orders are obtained. It can be clearly seen from 
the figure that under the condition of blade mistuning, the vibration responses of each blade in the 
blade disk system show great differences. The maximum resonance peak of the mistuning system 
appears at the engine orders of excitation of 1 and the maximum value is 1.9067. 
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Table 2. Mistuning value of each blade (Pa) 
Blade 
number 
The standard 
deviation is 1 % 
The standard 
deviation is 3 % 
The standard 
deviation is 5 % 
The standard 
deviation is 8 % 
1 –2.96×108 3.27×109 –1.11×109 –3.16×108 
2 5.03×108 4.22×108 –1.23×109 –7.25×109 
3 4.45×108 4.89×109 –1.72×109 9.25×109 
4 –1.42×109 –6.68×109 1.31×108 –1.21×109 
5 –1.08×109 –6.73×108 2.91×108 –6.49×109 
6 –8.41×108 –4.11×109 4.69×109 1.23×1010 
7 –5.76×108 9.90×109 8.67×109 –2.04×109 
8 –3.64×108 2.81×109 2.65×109 –5.35×109 
9 1.42×107 4.70×109 –1.19×109 –2.67×109 
10 –3.44×109 –3.60×109 3.55×109 –7.70×109 
11 –5.19×108 –1.60×109 1.04×109 –1.02×1010 
12 1.41×109 –9.28×108 –5.84×109 2.29×1010 
13 –1.21×109 3.74×109 5.39×109 1.50×1010 
14 1.06×109 –9.46×108 1.74×109 2.79×109 
15 3.98×108 2.39×109 7.67×108 –1.14×1010 
16 –3.29×107 –6.99×109 2.92×109 –7.86×109 
17 2.07×108 –1.20×109 1.48×109 –1.60×109 
18 –1.78×109 –2.80×109 –5.34×109 7.19×109 
19 –9.60×107 –5.37×109 –9.21×108 –1.21×1010 
20 1.82×109 1.73×109 –8.29×108 –2.12×1010 
21 1.12×108 9.60×108 –3.02×109 –1.32×1010 
22 4.70×107 1.14×108 9.55×109 3.03×109 
23 –8.33×108 –4.54×109 –4.97×109 3.55×109 
24 –3.50×107 3.84×109 –2.75×109 4.10×109 
25 2.64×108 1.19×109 –4.04×109 –1.18×109 
26 4.84×108 –1.02×109 –6.66×109 1.67×109 
27 –4.23×108 7.79×107 –1.09×109 –4.32×109 
28 –2.68×108 –8.92×108 –1.56×109 7.83×109 
29 2.30×109 –5.96×109 8.68×109 –1.24×1010 
30 –2.56×109 –9.73×108 –1.41×109 4.13×109 
31 2.53×109 –2.83×109 –6.04×109 –7.71×109 
32 3.83×108 –3.33×109 9.10×109 –3.04×109 
33 1.14×109 –3.94×109 7.01×109 5.02×109 
34 –1.89×109 –1.82×109 –1.30×109 9.43×109 
35 –6.70×108 –6.82×109 –8.55×109 –1.01×1010 
36 –3.16×108 3.28×109 –2.52×109 1.14×1010 
37 4.80×108 1.77×109 –8.85×108 5.99×109 
38 –1.90×109 –6.82×107 1.57×109 –6.16×108 
From Fig. 4, it can be seen that the frequency response curves of each blade in the blade disk 
system under different excitation orders were obtained when the mistuning standard deviation is 
increased to 5 %. It can be seen from the figure that with the increase of the standard deviation of 
mistuning, the resonance band of the blade-disk system widens to 0.05, and there are many peaks. 
Under the condition of mistuning, the vibration response of each blade in the blade-disk system 
shows great difference. 
When the mistuning standard deviation increases to 8 %, the frequency response curves of 
each blade in the blade disk system under different excitation orders are obtained. It can be clearly 
seen from the figure that with the increase of mistuning standard deviation, the resonance band of 
the blade disk system widens further. The maximum bandwidth reaches 0.1. The bandwidth is 
twice that of the standard deviation of 5 %. There are many peaks. Under the condition of blade 
mistuning, the vibration response of each blade in the blade disk system shows great difference. 
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a) The standard deviation is 1 % 
 
b) The standard deviation is 3 % 
 
c) The standard deviation is 5 % 
 
d) The standard deviation is 8 % 
Fig. 3. Mistuning value of each blade 
 
a) The standard deviation is 1 % 
 
b) The standard deviation is 3 % 
 
c) The standard deviation is 5 % 
 
d) The standard deviation is 8 % 
Fig. 4. Amplitude-frequency characteristics of mistuned bladed disk system 
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In order to evaluate the effect of different mistuning standard deviations on the localization of 
the structural vibration of the mistuned bladed disk system under different excitation orders, the 
maximum displacement and strain energy of the structure of the tuned and mistuned bladed disk 
system under different excitation orders are extracted respectively, and calculated by the following 
formula of vibration localization factors. 
Displacement localization factor: 
𝐿௨ =
𝑈௠,୫ୟ୶ா௜ − 𝑈௧,୫ୟ୶ா௜
𝑈௧,୫ୟ୶ா௜ × 100 %, (27)
where, 𝑈௠,୫ୟ୶ா௜ is the maximum amplitude of mistuned bladed disk system for engine orders of 
excitation is 𝑖, 𝑈௧,୫ୟ୶ா௜ is the maximum amplitude of the tuned bladed disk system for engine 
orders of excitation is 𝑖. 
Strain energy localization factor: 
𝐿ௌ =
𝑆௠,୫ୟ୶ா௜ − 𝑆௧,୫ୟ୶ா௜
𝑆௧,୫ୟ୶ா௜ × 100 %, (28)
where, 𝑆௠,୫ୟ୶ா௜  is the maximum strain energy of the mistuned bladed disk system for engine 
orders of excitation is 𝑖, 𝑆௧,୫ୟ୶ா௜ is the maximum strain energy of the tuned bladed disk system 
for engine orders of excitation is 𝑖. 
 
a) Displacement localization factor 
 
b) Strain energy localization factor 
Fig. 5. Vibration localization characteristics of mistuned bladed disk system 
 
Fig. 6. Amplitude for different mistuning standard deviation 
The Weibull distribution and mote Carlo simulation methods proposed in this paper are used 
for data sampling calculation, and the statistical results as shown in Fig. 5 and Fig. 6 are obtained 
by analysing the sampling data. As can be seen from Fig. 5, with the increase of excitation order, 
the displacement localization factor increases first, and then decreases, reaching its maximum at 
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engine orders of excitation 3, with a higher degree of localization, and then decreases with the 
increase of excitation order. With the increase of excitation order, the strain energy localization 
factor increases first and then decreases when the mistuning standard deviation is 1 % and 5 %, 
reaching the maximum at engine orders of excitation 3, and then decreases with the increase of 
excitation order. 
Fig. 6 shows the variation trend of the maximum dimensionless amplitude of mistuned bladed 
disk system with the standard deviation of mistuning, which is similar to the conclusions obtained 
from the analysis in reference [20], thus verifying the accuracy of the identification method. 
4. Conclusions 
A method for mistuning identification of mistuned bladed disk has been presented, which is 
combined Weibull distribution with Monte Carlo Simulation. Based on the Prestressed 
Component Mode Synthesis Method, the finite element reduce model of bladed disk system is 
used to identify the mistuning parameters for random mistuning blades. The forced vibration 
response characteristics of mistuned bladed disk system under different engine orders of excitation 
are calculated, and the vibration response of the mistuned bladed disk system under different 
mistuning standard deviations are discussed. The localization factor is defined and the vibration 
localization characteristics of mistuned bladed disk system are analysed by the localization factor. 
The following conclusions are obtained:  
1) The mistuning identification method of mistuned bladed disk has been presented, which is 
combined Weibull distribution with Monte Carlo Simulation. This method can use smaller 
samples to obtain results consistent with larger samples. Improving computational efficiency 
greatly. 
2) The frequency response curves of each blade in the blade disk system under different 
excitation orders are obtained when the blade is mistuned. When the condition of blade mistuning, 
the vibration responses of each blade in the blade disk system show great differences.  
3) With the increase of excitation order, the displacement localization factor increases first, 
and then decreases, reaching its maximum at engine orders of excitation 3, with a higher degree 
of localization, and then decreases with the increase of excitation order. With the increase of 
excitation order, the strain energy localization factor increases first and then decreases. 
4) The method is validated by comparing simulation results with relevant literature. 
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